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Introduction e

The problem of searching for patterns in data is a fundamental one
and has a long and successful history. For example, the extensive
astronomical observations of Tycho Brahe in the 16th century
allowed Johannes Kepler to discover the empirical laws of planetary
motion, which in turn provided a springboard for the development
of classical mechanics.
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Statistical Learning =l

[Statistical Learning]

[Supervised Learning] [Unsupervised Learning]

Regression Classification

An Efficient Method for Statistical Learning by Means of Tensor Format Representations 4/39



Regression (Problem Setting)

Sample set of independent and identically distributed (i.i.d.)
observations drawn according to P(z,y) = P(x)P(y|x),

S:{(xg,yg)edeyHgﬁgm}
Set of hypotheses
H={n(.p): X" =Y |pe P}

Risk functional
Rp) = [ (bleep) = dPlay

The regression function is the one that minimises the risk
functional,

o(z) = /y ydP(ylz).

But in our situation, the joint probability distribution function
P(z,y) is unknown.
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Regression Estimation

Remark

If the regression function ¢ does not belong to the set of
hypotheses H, then the function h(-,p*) € H minimising the risk
functional is the closest to the regression in the metric

e, \/ | (0@ = hia.p) aP(a),

*

where the existence of h(- is provided.
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Empirical Risk Minimization Principle

In order to minimise the risk functional R with an unknown
distribution function P(z,vy), the following inductive principle is
applied in statistical learning:

(1) The risk functional R is replaced by the so-called
empirical risk functional

Remp(p) :% > (h(x,p)—y)?

(z,y)ES

constructed on the basis of the finite sample set S.

(i) One approximates the hypothesis h(-, p*) that
minimise the risk functional R by the function
h(-,ps) € H minimising the empirical risk.

This principle is called the empirical risk minimisation (ERM)
principle.
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Performance of the Estimator

Theorem (See e.g. Gyorfi et al. (2002))

Let 1 < L < co. Assume |y| < L almost surely. Let the estimate
hemp be defined by minimization of the empirical risk over a set of
functions H and truncation at £L. Then one has

B[ (hemp(z.p) ~ o(0)dP(@)}

1 (cg+ cglog(m))Vay+ ) / 9
< = _
< - +2 inf Xd(h(x,p) o(z))*dP(z),

where
c1 = 24-214L*(1+1log 42), co = 48-214L% log(480eL?), c3 = 48-214L*

and Vyy+ is the VC' dimension of Hy := {hyp(h) | h € H}
(Vapnik - Chervonenkis).
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Contributions

Every hypothesis h(-,p) is a linear combination of elementary
features, i.e.

=1 ig=1

ni ng d d
hap) =3 S )i [ v @) = <c<p>,®%<xy>>,
v=1

where ¢(p) € R™* " *"d and
(IDV(’IV) = (QOV,l(:'UV)) T 7(,01/77741, (.’L’V))T S ]R.ny.

In our new ansatz, the coefficient tensor ¢(p) is represented in a
tensor format.

1
= Remp(p) =

5 (Aelp), e(p)) — (b, c(p)) + const.

A>0, A=Al
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Tensor Formats e

What is a Tensor Format Representation?

d
U:>L(P#—>®]R”V (L > d)
p=1 v=1
u="U(p1,...,pr) is represented in the tensor format U
e U is multilinear in p1,...,pr
e (p1,...,pr) is a representation system of u

Example (r-Term Representation)
pu:(pu,jeRn : 1§]§T)

T d

(p17 cee 7Pd) = U’r—term(ph v 7pd) = Z@pu,]

J=1p=1
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Tensor Formats e
Example (Matrix Product States (MPS), Tensor-Train (TT))
T T T
Up =D DN PLj O P2y ©P3ags @ Pags (P €RT)
Jj1=1j2=1j3=1

Example (Conformal Tensor Formats)

Quantum Mechanics (two-electron integrals):

T T
Uwp) = D D Wir o PLjs @ P2jp @ P3jy @ Pajy, (P, € R, w. € R)
Jj1=1j2=1
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Alternating Steepest Descent Algorithm s,

Optimisation Respect to Parameter Space

1
Flu) = 5 (A ) — (b,
e u is substituted by a tensor representation: w := U(p1,...,pr)

= f(u) = F(p1,...,pr) = f(U(p1,...,pL))

e We are looking for a representation system (pj,...,p}) such
that
F(py,...,pp) = inf  F(pi,...,pr).
(p1,--pL)EP
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Alternating Steepest Descent Algorithm s,

v = U(pl7'"77p,u—1apuvp,u+17'--apL)
= Wp,(ph"' 7pu—17pu+17"'7pL)pu
= Wupu

The following holds:

(i) W, is a linear map and ran (W) is a linear subspace of
®_ R"

(i) W, C ran(U), i.e. addition of represented tensors in W, will
not change the ranks

(i) Direction of steepest ascent in U, := span(W,,)

1 ("), Wugp)
W, WTI(Av — b) = argmax MY, )
Wi (Av = b)| p, W€l qullp,
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Alternating Steepest Descent Algorithm

Algorithmus 1 ASD method

1: Choose initial p' € P, and define k := 1.
2: while Stop Condition do

33 forl1<pu<Ldo
4.

Tep = b— Avk,ﬂ
Ay = Wi M W
Ao = )
’ (Adp i, die 1)
Vgpu+l = Vgpu+ )‘k,udk,u

5.  end for
6: k—k+1.
7: end while
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Pivotised Alternating Steepest Descent Algorithm g

Algorithmus 2 Pivotised ASD (PASD) method

1: Choose initial p' € P, and define k := 1.
. while Stop Condition do

2

o OF
30 = argmaxyc,<y, H@(pk,v) -
4:

Ty = b—Av,
AT
diy = Wk,uMk,uWk,ﬂk,u
Ak o <7"k,uv dk,u)
sH T TAI a4\
(Adk i, die o)
Vkptl = Uk + Akpdip

5: k—k+1.
6: end while
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The Alternating Least Squares Algorithm

Algorithmus 3 ALS method
1: Choose initial p! € P, and define k := 1.
2: while Stop Condition do
33 forl1<pu<Ldo

4: Compute the minimum norm solution of the least squares
problem
k+1 . : k+1 k+1 k k
pﬂ = argmlnq,LEPuF(pl 7"'>pﬂ_17Q,u7pu+17' . 'apL)'

5. end for
6: k—k+1.
7: end while

Numerical Cost of ALS = Numerical Cost of ASD + O(m?)

m = maxi<,<y, dim P,
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Convergence of the ASD & PASD Method [ |

Notation
(uk)kG]N C V is the sequence of corresponding tensors from the
ALS iteration, i.e.

uf = U(p*) forall k € IN.

The set of accumulation points of (uk)kE]N is denoted by A(uk).

Critical Points
The set of critical points 901 is defined by

M:={uecV]|IpecP:u=U(p)AF'(p) =0}
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Convergence of the ASD & PASD Method [ |

General Assumption

e Suppose that the sequence of parameter (pk)kelN CPis
bounded.

e For all 1 < L there exists kg and 7, > 0 such that for all
k > ko we have

(1]

Umln ,+

(Wi,p) :=min {0y, > 0: 0y, is singular value of Wy, ,} > 7,.

The assumptions are motivated by the counterexample of Lim and
de Silva (2008).

b=2zrQy+ryRr+ty®@rr

1 1
w=lz+-y|@(z+-y|R(kr+ty) -2 kr —— b
k k k—o0
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Convergence of the ASD & PASD Method

0\
tan? Z[, ug 1] = (C’; tan? [, ug, ),

k.

Sk
ORI L Rt
o B
q(C) = ‘ck"u‘ + /\k,u’}’k“u‘
ok |Ck,u‘
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Convergence of the ASD & PASD Method [ |

Theorem (E., (2016))

e Every accumulation point of (uk)
i.e. A(u*) C 9, furthermore

wew C V is a critical point,

dist(u*, 9m) —— 0.

k—o00

u® ——— u  for PASD
k—o0

and if one accumulation point u is isolated, then

uf ——u  for ASD,

k—ro0
where
tan Z[ug, 41, ] < g tan Z[uy,,, 4],
. . 0,
with g, = limsupy,_, ’(“C)
Uk,
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Numerical Experiment [ s |

Ulpt,---»pa) = p1®...Q pa,
1
flu) = §||U||2+<b,u> (A=id)

<p’q> = 0, ||p||:17 ”qH:l
3
b = Qr+Ap@q2q+eR@pRq+q0q@p),
pn=1

An Efficient Method for Statistical Learning by Means of Tensor Format Representations 21/39



Numerical Experiment [ s |

Ulpt,---»pa) = p1®...Q pa,
1
flu) = §||U||2+<b,u> (A=id)

<p7Q> = 0, ||p”:17 HQ||=1
3
b = Qr+Ap@q2q+eR@pRq+q0q@p),
pn=1
¢\ A
lim sup ’(“c‘)‘ = E<3A+/\2+\/(3/\+/\2)2+4/\)
k—o0 qk#

Note: The ALS method has the same rate of convergence, E.
Khachatryan (2014).
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Numerical Experiment

A<
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lim sup TRl o

k—o0
Dk pa
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Numerical Experiment

1
)\Zi

a\)
lim sup (—’3L =1
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Numerical Experiment [ s |

A = 0.46
e
limsup | -2 | = 0.847

k—o0 ql(cCL

1.0e+000
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Numerical Experiment [ s |

Ulpt,---»pa) = p1®...Qp4g

r d
b= > NQbjus A== A >0, (bis bjy) = 5y
j=1  p=1

An Efficient Method for Statistical Learning by Means of Tensor Format Representations 25/39



Numerical Experiment [ s |

Ulpt,---»pa) = p1®...Qp4g

r d
b= > NQbjus A== A >0, (bis bjy) = 5y
j=1  p=1

q(S)
qu = limsup ’(chb =0
k—o00 qku

An Efficient Method for Statistical Learning by Means of Tensor Format Representations 25/39



Numerical Experiment [ s |
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Numerical Experiment: Statistical Learning

(Joint work with L. Sobolevskaya)
Error measure

RMSD — \/Z?ll(h(fv,p*) — )
m
Yacht Problem
This problem consists of predicting the residuary resistance of
sailing yachts at the initial design stage. This data set comprises
m = 308 full-scale experiments.

1 Longitudinal position of the center of buoyancy.
2 Prismatic coefficient.

3 Length-displacement ratio.

4 Beam-draught ratio.

5 Length-beam ratio.

6 Froude number.

The output variable is the residuary resistance per unit weight of
displacement:
1 Residuary resistance per unit weight of displacement.

An Efficient Method for Statistical Learning by Means of Tensor Format Representations 27/39



Numerical Experiment: Yacht Problem

Spline bases functions.

10° T [ £=3 training set

—m— (=3 entire set

—e8— (=6 training set
—*— (=6 entire set
10-02 |- —+— f=12 training set
@

--o- (=12 entire set

RMSD

Rank

(=3 {=6 (=12
RMSDrs | 0.600926 | 0.593134 | 0.584214
RMSDEgs 1.01085 | 1.22633 | 1.19185
Max rank 2 1 1

Runtime [sec] 491 3.209 2.082
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Comparisons

our approach | 'neuralnet’ | 'scikit-learn’
RMS D1y 1.192 3.457 4.614
Runtime 2.1 secs 1.15 mins 13.6 secs

Table: The evaluations has been performed on the sismatically chosen
training sets set equal to 20% of the data set.

our approach | 'neuralnet’ | 'scikit-learn’
RM S Dgo 1.61907 7.765 3.705
runtime 1.443 secs 1.74 hours | 31.43 secs

Table: The evaluations has been performed on the randomly chosen
training sets set equal to 20% of the data set.
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Comparisons

our approach | 'neuralnet’ | 'scikit-learn’
RM S D1y 0.736 1.268 1.33
Runtime 4.57 secs 14.37 mins | 39.53 secs

Table: The evaluations has been performed on the on the systematically
chosen training set equal to 40% of the data set.

our approach | 'neuralnet’ | 'scikit-learn’
RMSDgg 0.975 4.0445 1.676
Runtime 1.83 secs 43.35 mins 73 secs

Table: The evaluations has been performed on the randomly chosen
training sets set equal to 40% of the data set.
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Comparisons

our approach | 'neuralnet’ | 'scikit-learn’
RMS D1y 0.757 1.586 1.0097
Runtime 6.669 secs 1.2 hours | 76.778 secs

Table: The evaluations has been performed on the systematically chosen
training set equal to 60% of the data set.

our approach | 'neuralnet’ | 'scikit-learn’
RMSDqgg 0.826 0.933 1.075
Runtime 3.2 secs 31.876 min 89.8 secs

Table: The evaluations has been performed on the randomly chosen
training sets set equal to 60% of the data set.
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Comparisons

our approach | 'neuralnet’ | 'scikit-learn’
RM S Doy 0.5809 0.587 0.713
Runtime 51.3 secs 4.975 hours | 107.51 secs

Table: The evaluations has been performed on randomly chosen training
sets set equal to 80% of the data set.
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Numerical Experiment: Two Electron Integrals

Let B:={p; : R? - R:1<i <k} bea set of so called atomic

orbitals.
Two electronic Integrals are defined by

tzl,22713724 = / / (le 8022 )_(Pzg(y)(phl(y)dl‘dy f.a. 11,
R? /R lz =yl

Let 7 = N x INp x IN, x INg,.

We want to approximate t;, j, is.i, f-a. (i1,...,74) € I with a tensor

of the smallest possible rank.
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Random Training Sets s,

Hydrogen

RMSD

10—1.4 L |

—e— training set
—8— entire set

1 2 3 4 5

Rank
Figure: The hypotheses was trained on randomly chosen training sets

equal to 50 % of the entire data set and then evaluated on the entire set.
Running time was 162.972 sec
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Overfitting

—eo— )\ = 1.0e — 10
—m— A\ =1.0e—6
1 2 3 4 5 6 7 8 9

Rank
Figure: RMSD value of the entire set. As training sets were used

randomly chosen 50% of the entire set. Running time was 69.1 sec
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Overfitting

—o—)\; = 1.0e — 10 |
—&— )\ =1.0e—5

107!

= H
N
w
NS
)]
(=2}
BN
o
NeJ
—
o

Rank
Figure: RMSD value of the entire set. As training sets were used

randomly chosen 50% of the entire set.
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Summary

50% of the entire set | 80% of the entire set | entire set
RMSD(I) 0.0432166 0.0408642 0.0278161
Rank 9 11 11
Runtime [sec] 69.1 483.945 1276.86
Hydrogen

10-1+4

2 :

= e

x —e_

1074° Ne- =

—e— randomly chosen 50% of data e
—&— randomly chosen 80% of data
—o— entire set | | | | ?
1 2 3 4 5 6 7 8 9 10 11

Rank
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Summary

50% of the entire set | 80% of the entire set | entire set
]{AfSl)([) 0.12461 0.0724535 0.0264707
Rank 15 14 15
Runtime [sec] 25.2576 45.9685 84.528

o

N

=

@
—e— randomly chosen 50% of data e

10715 | —m— randomly chosen 80% of data N

e entire set L h
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Rank
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Publications & Source Files

e http://www.alopax.de/publications

e Tensor Calculus, Open Source Lib in C++,
http://gitorious.org/tensorcalculus/pages/Home [H. Auer, Espig,
Handschuh, Wahnert, 2011]
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